This investigation reports the boundary layer flow and heat transfer characteristics in a couple stress fluid flow over a continuos moving surface with a parallel free stream. The effects of heat generation in the presence of convective boundary conditions are also investigated. Series solutions for the velocity and temperature distributions are obtained by the homotopy analysis method (HAM). Convergence of obtained series solutions are analyzed. The results are obtained and discussed through graphs for physical parameters of interest.
Introduction
There are several fluids in industry and biology which cannot be described by Newton's law of viscosity. Examples of such fluids are certain paints, polymer solutions, cosmetic, food products, etc. The diverse characteristics of such fluids leads to a motivation that these cannot be derived by a single constitutive relation between shear stress and shear rate. The constitutive equations of non-Newtonian fluids vary greatly in complexity and are of higher order than the Navier-Stokes equations. Despite of all the complications, the interest of the researchers in the flow of non-Newtonian fluids has grown (see [1 -5] ). The couple stress fluid theory developed by Stokes [6] represents the simplest generalization of the classical viscous fluid theory that sustains couple stresses and the body couples. The important feature of these fluids is that the stress tensor is not symmetric and their accurate flow behaviour cannot be predicted by the classical Newtonian theory. The main effect of the couple stresses will introduce a size dependent effect that is not present in the classical viscous theories. The fluids consisting of rigid, randomly oriented particles suspended in a viscous medium, such as blood, lubricants containing a small amount of polymer additive, electro-rheological fluids, and synthetic fluids are examples of these fluids [7] . Some more recent contributions which here taken into consideration the flows of couple stress fluid include Eldabe et al. [8] , Mekheimer [9] , Kumar and Singh [10] , and Shantha and Shanker [11] . On the other hand, the boundary layer flows and heat transfer are useful in continuos casting, glass drawing, finite-fiber malts, paper production, insulating materials, etc. Sakiadis [12] started the seminal work on boundary layer flow over a moving surface with constant speed. Subsequently, such flows have been investigated extensively under various conditions. Hassanien [13] has investigated the non-Newtonian boundary layer flow of a power law fluid on a continuos moving flat plate in a parallel free stream. Magnetohydrodynamic (MHD) flow of a non-Newtonian fluid over a continuos moving surface with a parallel free stream was analyzed by Kumari and Nath [14] . Boundary layer flow of a micropolar fluid over a continuously moving permeable surface was studied numerically by Ishak et al. [15] . Hayat et al. [16] presented an analysis on the flow and heat transfer over a continuously moving surface with a parallel free stream in a viscoelastic fluid. It is noticed from the existing literature that no investigation has been made so far to study the effect of heat generation in a non-Newtonian fluid over a moving surface with convective boundary conditions [17 -20] . Hence the present attempt is made to present such study for the flow of a couple stress fluid. The homotopy analysis method (HAM) [21 -28] is employed for the development of the series solutions. Such analysis even for a viscous fluid and without heat generation has not been reported yet.
Problem Statement
Consider the steady laminar boundary layer flow of an incompressible couple stress fluid over a surface moving with constant velocity u w in the same direction as that of the uniform free stream velocity u ∞ (see physical model described in Figure 1 ). It is assumed that the wall and the free stream temperature, T w and T ∞ , are constants with T w > T ∞ . The internal heat generation effects and convective boundary conditions are taken into account.The flow problem is governed by the following fundamental equations [6] :
where ρ is the fluid density, µ the dynamic viscosity, η the couple stress viscosity coefficient, T the fluid temperature, k the thermal conductivity, C p the specific 
, the boundary layer forms of above expressions give
The boundary conditions are
In above expressions ν = µ/ρ denotes the kinematic viscosity, ν = η/ρ the couple stress kinematic viscosity, h f the convective heat transfer coefficient, T f the convective fluid temperature below the moving sheet, α the thermal diffusitivity, and u and v are the velocity components parallel to the x-and y-axes, respectively. Defining
(4) is identically satisfied, and the other equations yield
Here U = u w + u ∞ ; f (0) = S with S < 0 corresponds to suction case and S > 0 implies injection; r is a ratio parameter, Pr the Prandtl number, γ the Biot number, K the couple stress parameter, and λ the heat generation parameter. The definitions of these parameters are
For r = 0, we obtain the laminar boundary layer flow induced by a stationary surface (Blasius flow). However, we obtain the flow over a moving surface in absence of free stream velocity for r = 1 (Sakiadis flow). If r < 0, the free stream is directed toward the positive x-direction whereas the plate moves toward the negative x-direction, and prime shows differentiation with respect to ξ . Expressions for the skin friction coefficient C f and the local Nusselt number Nu x are
or
(
where Re x = Ux/ν is the local Reynolds number.
Series Solutions
We express f (ξ ) and θ (ξ ) in the set of base functions
in the forms
where a k m,n and b k m,n are the coefficients. According to the rule of solution expressions for f (ξ ) and θ (ξ ), and considering (9) and (10), the initial approximations and auxiliary linear operators are
with
where A i (i = 1 -5) are the arbitrary constants. From (9) and (10), the nonlinear operators N f and N θ are defined as
In above expressions, f (ξ ; q) and θ (ξ ; q) are the mapping functions for f (ξ ) and θ (ξ ), respectively, where q is an embedding parameter in the range [0, 1]. It is worth mentioning that f (ξ , q) and θ (ξ , q) vary from f 0 (ξ ) and θ 0 (ξ ) to the final solutions f (ξ ) and θ (ξ ) when q varies from 0 to 1. The problems at the zerothorder and nth-order deformations are as follows.
Zeroth-Order Problem
(1 − q) L f f (ξ ; q) − f 0 (ξ ) = qhN f f (ξ ; q) ,(24)f (0; q) = r , f (0; q) = S , f (∞; q) = 1 − r , f (∞; q) = 0 ,(25)(1 − q) L θ θ (ξ ; q) − θ 0 (ξ ) = qhN θ θ (ξ ; q) , f (ξ ; q) ,(26)θ (0; q) = −γ 1 − θ (0; q) , θ (∞; q) = 0 .(27)
nth-Order Deformation Problems
Differentiating the zeroth-order deformation equations (24) and (26) n times by the Leibnitz rule with respect to q, then dividing by n!, and finally setting q = 0, we have
whereh depicts a non-zero auxiliary parameter. When q = 0 and q = 1, then we get
In view of (35) and (36) and Taylor's theorem, one obtains
where the convergence of series (37) and (38) depends uponh. One can make a choice ofh so that the series (37) and (38) converge for q = 1. Therefore,
The general solutions f n (ξ ) and θ n (ξ ) in terms of the special solutions f n (ξ ) and θ n (ξ ) are
Here A i (i = 1 -5), subject to the conditions (29) and (31), are
It should be pointed out that the problems consisting of (28) - (34) are solved by using the symbolic computation software Mathematica for n = 1, 2, 3, . . .
Convergence of the Series Solutions
It is well known that the homotopic procedure leads to a series solution. The convergence analysis of this series solution is quite important. Therefore we plotted h-curves for this objective and present Figure 2 in this direction. This figure depicts that ranges for permissible values ofh f andh θ are −1.0 ≤h f ≤ −0.25 and −1.3 ≤h θ ≤ −0.25. Further, forh f =h θ = −0.75, we obtain convergent series solutions in the whole region of ξ .
Results and Discussion
In this section, we discuss the influence of the various parameters γ, K, S, r, Pr, and λ on velocity f (ξ ) and temperature field θ (ξ ). For this aim, we plotted Figures 2 -11. Figure 3 illustrates the effect of various values of the velocity ratio parameter r on the velocity field f (ξ ). It is observed that the velocity decreases and the boundary layer thickness increases with an increase in r (0 ≤ r < 0.5) whereas both velocity and the boundary layer thickness are decreasing functions of r (r > 0.5). From physical point of view 0 ≤ r < 0.5 is the case when the plate and the fluid are moving in the same direction. If r > 1, the free stream is directed towards the positive x-direction, while the plate moves towards the negative x-direction. On the other hand, if r < 1, the free stream is directed upwards the negative x-direction, while the plate moves towards the positive x-direction. Figures 4 and 5 depict the effect of K on f (ξ ) for different values of r. From Figure 4 , for fixed r = 1 (Sakiadis flow), we noticed that the velocity profile decreases by increasing K and the boundary layer thickness decreases slightly with an increase in K. It is boundary layer thickness are decreasing functions of S. It is clear from Figure 7 that the velocity increases with the increasing values of S when r = 0.3. Physically, sucking the fluid particles through porous wall reduce the growth of the boundary layer. This is quite compatible with the fact that suction causes reduction in boundary layer thickness. Hence, a porous character of the wall provides a powerful mechanism for controlling the momentum boundary layer thickness. Figure 8 represented the effect of the Biot number γ on θ (ξ ). It is obviously from Figure 8 that both temperature θ (ξ ) and thermal boundary layer thickness increase with an increasing in γ. For fixed cold fluid properties and for fixed free stream velocity, γ at any location x is directly proportional to the transfer coefficients associated with the hot fluid, namely h f . Now the resistance on the hot fluid is inversely proportional to h f . Thus when γ increases then the hot fluid convection resistance decreases and consequently the temperature increases (see [17] ). The effects of λ on θ (ξ ) have been portrayed in Figure 9 . We conclude that γ and λ have the same qualitative effects on the temperature profile θ (ξ ). An increase in the suction parameter S corresponds to a decrease in the temperature and the thermal boundary layer thickness (see Fig. 10 ). The effect of the Prandtl number Pr on θ (ξ ) can be visualized in Figure 11 . It is obvious that an increase in the values of Pr greatly reduces the thermal diffusivity, therefore temperature and the thermal boundary layer thickness are decreasing functions of Pr. It is also observed that the deviation in the temperature profiles are more significant for small values of Pr when compared with its larger values. It is important to note that Pr (< 1) corresponds to liquid metals which have higher thermal diffusivity, while large values of Pr (> 1) lead to highviscosity oils. To gain insight towards the behaviour of couple stress parameter K on the temperature field, we display Figure 12 . The larger values of K significantly increase the temperature and thermal boundary layer thickness. Table 1 analyzes the convergence of the series solution. It is observed that convergence for the functions f and θ are achieved at only 20th-order of approximations.
Summary
In this work, we studied the steady flow of a couple stress fluid over a moving surface in the presence of internal heat generation and convective boundary conditions. The main points of the present study are as follows:
• The couple stress parameter K decreases the boundary layer thickness.
• The temperature profile θ (ξ ) increases in view of an increase in λ and γ.
• The Prandtl number Pr leads to a decrease in θ (ξ ) .
• The effect of K on the velocity f (ξ ) and temperature θ (ξ ) are qualitatively similar.
